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Abstract 
In this paper we prove that the only locally finite, thick flag-transitive C.. L geometries with 
n/> 3 are truncations of polar spaces. We recall that for n = 2 an example of thick flag-transitive 
geometry which is not a truncated polar space has been given by Ronan (1980, 1986). Moreover, 
we prove that no flag-transitive thick C2. Af .  A,-2. L geometry exists with classical generalized 
quadrangles as lower residues of elements of type 2, except possibly when q = 3 or 4. However 
there are examples of flag-transitive thick C2. Af.  An-2. L geometries where the lower residue 
of a plane is isomorphic to the generalized quadrangle dual of T*(O). 
1. Introduction 
In this paper we will study flag-transitive geometries of  rank n + 1 i> 4, belonging to 
the following diagram: 
0 1 L 2 n - l L  n 
(C2. L.)  • " • . . . . . . .  -" * 
to t l t2 t , -  t tn 
where 0, 1,.. . ,  n are types, to, tl . . . .  , tn are finite orders and the label L means the class 
of  linear spaces, as usual. 
Note that h ~<t2".. ~t~, by well known properties of  linear spaces. Thus, if tl > l, 
then to is the only parameter that might be equal to 1. We say that a C2. Ln geometry 
with tl > 1 is almost thick. We shall consider only almost thick geometries in this 
paper. 
1.1. Some terminology and notation 
We call the elements of type i (0 <<, i <~n) i-spaces. In particular the elements of type 
0, 1, n are called points, lines, and hyperplanes, respectively. 
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We denote the incidence relation by . ,  as in [10]. Two points are said to be collinear 
if there is a line incident with both of them. 
We remark that C2. Ln geometries have matroids as point-residues. From this it 
follows that the following property (LL) holds in every C2. Ln geometry: 
(LL) Given any two distinct points, there is at most one line incident with both of 
them. 
We denote the residue of an element x (of a flag F)  by Fx (by FF). When x is an 
element of type i = 1, 2 . . . . .  n -  1 the residue Fx splits into two parts. We denote by 
F + (by F x-) the part containing the elements of type 0, 1 . . . . .  i (of type i, i + 1,..., n). 
We call those parts the upper residue and lower residue of x, respectively. 
We denote the group of type-preserving automorphisms of a geometry F by Aut(F) 
and we call it the automorphism group of F. Given a subgroup G of Aut(F) and a flag 
(in particular an element) F of F, the stabilizer of F in G will be denoted by GF. 
By KF we denote the elementwise stabilizer of FF in GF. We set GF = GF/KF. Thus 
GF is the action of GF on FF and KF is the kernel of that action. 
1.2. The diagrams Cn. L and C2. Af. A,-2. L 
Delandtsheer has proved in [3, 2], (see also [10, Theorem 9.22]) that the following 
two families give us all thick flag-transitive matroids of rank n ~>3: 
(i) the (n -  1)-truncation of PG(m,q) (m~>3, 3<~n<~m), that is the geometry 
obtained from PG(m,q) by removing all subspaces of dimension ~>n, if any. 
(ii) the (n -  1)-truncation of AG(m,q) (m~>3, 3 <<.n<~m). 
Thus, as we consider almost thick C2. Ln geometries, the only diagrams we need to 
consider are the following ones, with 3 ~< n~< m and q > 1 a prime power: 
(Cn.L) 
0 1 2 n -1  L n 
s q q q qm-n+I + . . .  + q 
((72. A f ./1._2. L) 
0 1 A f  2 3 n - I  L n 
s q - 1 q q q qm-n+l  + . . .  + q 
Point residues are (n -  1)-truncations of the projective space PG(m,q) and (n -  1)- 
truncations of the affine space AG(m,q), respectively. 
Few examples are known for the previous diagrams. In fact we only have truncations 
of polar spaces in the first case and in the second one a class obtained from the non- 
classical generalized quadrangles T~(O) (see Section 3). We remark that in the rank 3 
case there is also a flag-transitive example, discovered by Ronan and Smith [13], which 
is not a truncated polar space. It has orders as follows 
L 
(C2. L) * ~ -" 
2 2 6 
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and it admits M24 as flag-transitive automorphism group. Its point-residues are trun- 
cations of PG(3,2). Furthermore, many flag-transitive examples of rank 3 which are 
not truncated polar spaces can be obtained from geometries of the following type, as 
Grassmann geometries with respect o the central node of the diagram 
L L* 
All geometries obtained in this way are non-thick. 
In Section 2, we prove that the only flag-transitive almost thick Cn. L geometries 
with n >/3 are truncations of polar spaces. 
In Section 3 we consider flag-transitive Cz. Af .  An_  2 . L geometries and we assume 
that the lower residues of elements of type 2 are classical generalized quadrangles (we 
do not regard grids and dual grids as classical generalized quadrangles). We prove that 
such geometries do not exist except possibly when q = 3 or 4. 
2. C~. L geometries 
In this section, F is a flag-transitive geometry belonging to the diagram Cn. L 
0 1 2 n - l L  n 
s q q q qm-~+l +. . .  + q 
where 3<~n<~m and q > 1. Point residues are (n -  1)-truncations of PG(m,q). The 
following is a consequence of a result of [8]: 
Proposition 1. The hyperplane-residues of F are either polar spaces or isomorphic to 
the A7-geometry (n = 3 in the latter case). 
We separately consider the two cases mentioned in the previous proposition. 
Proposition 2. I f  the hyperplane-residues of F are polar spaces then F is a truncation 
of a polar space. 
Proof. Since the hyperplane-residues arepolar spaces, F is a quotient of a truncated 
polar space by a result of Ronan [12, 3.8] (flag-transitivity is of no use for this result). 
We need only to prove that a flag-transitive quotient of a truncated polar space is 
necessarily improper. Thus, let F = F~/H, with F a truncation of a polar space H and 
H ~<Aut(F) acting semiregularly on the chambers of F. We need to prove that H = 1. 
Since F is flag-transitive, the normalizer N of H in Aut(F) acts flag- 
transitively on F [11]. Let a be a point of F and let Na be the stabilizer of a in N. Since 
N~ is flag-transitive on the truncated projective space F, then either Na has PSL(m,q) 
as a subgroup or Fa = PG(3,2) and Na ---- A7 [5]. 
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In the second case .r has diagram and orders as follows: 
s 2 2 2 
and therefore .r is a polar space [10]. Thus, F = F, by a result of [1]. 
Let Na have PSL(m, q) as a subgroup. Given two points a and b, N is generated 
by Na and Nb. Denoting by G the Chevalley group of the polar space H, we obtain 
G<~N<<,Aut(II). H is normalized by G and acts semiregularly on chambers, This 
forces H = 1. [] 
Proposition 3. The hyperplane-residues o f f cannot be isomorphic to the A7-geometry. 
Proof. By way of contradiction, let F belong to the following diagram: 
L 
2 2 2 2 m-1 - 2 
with the A7-geometry as isomorphic type of the hyperplane-residues. 
We first prove that such a geometry is flat, i.e. every point is incident with every 
hyperplane. 
Given a point a and a hyperplane u, let ul, . . . ,  Uh = u be hyperplanes and Wl . . . . .  Wh- 1 
planes such that 
a*u l  *w1 * - "  *Uh-1  *Wh-1  *Uh ~ U 
(such elements exist by the cormectedness of F). Since the residue Fu~ is the 
A7-geometry, which is flat, we have a * wl, then a * u2. By repeating this process, 
we obtain a .u .  Therefore F is fiat and then the number of points is 15. 
Denoting by l the number of lines of F, the computation of the number of point-line 
flags implies l = 5(2 m+l - 1). 
Since there are 105 pairs of points in F, and 3 pairs of points in every line, and 
since (LL) holds in F, it follows that l~<35. However, there are 35 lines in every 
hyperplane, thus l -- 35. From the equality 5(2 m+l - 1) = 35 we deduce that m = 2, 
contrary to the hypothesis that m/> 3. [] 
By Propositions 1-3 it follows that 
Theorem 4. All locally finite almost thick flag-transitive geometries belonging to the 
diagram Cn. L with n >>, 3 are truncated polar spaces. 
3. (?2. A f  . A,,-2. L geometries 
We know only one class of examples of 6'2. Af .  An-2.L geometries. They are 
obtained in the following way [4; Section 3]: 
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Let O be a hyperoval in a plane H of PG(m + 2,q) with m>~3, q even. We define 
points as the subspaces of PG(m + 2, q) of codimension 2 meeting H in one point 
a E O and i-spaces as the subspaces of PG(m + 2,q) of codimension i + 2 that do not 
meet H (i = 1,2 . . . . .  m). We denote this geometry by the symbol Fm, q. Its diagram is 
as follows: 
0 1 A f  2 3 m-  1 m 
• ~ ~ • . . . . . .  • 
q+l  q -1  q q q q 
For every n with 3 ~< n~< m, the n-truncation of the previous geometry has diagram and 
orders as follows: 
0 1 A f  2 3 n -1  L n 
q + 1 q - 1 q q q qm-n+t + . . .  + q 
We denote this geometry by Fro,n, q. The lower residues of the planes are isomorphic to 
the generalized quadrangle dual of T~(O). A straightforward computation shows that 
Fm, n,q is flag-transitive if and only if either q = 4 or O is the Lnnelli-Sce's hyperoval 
with q = 16. 
Constructing other examples is difficult even for the following rank 3 diagram 
Af  
(C2 .A f )  . ~ - 
In fact, besides the geometries F4,q, obtained from hyperovals in PG(4,q) by the above 
construction, only one more family of examples is known for this diagram, with the 
same orders as F4,q (see [9, Section 2.2]). The examples of [9] are not flag-transitive. 
The residues of their planes are isomorphic to the generalized quadrangle dual of 
No flag-transitive geometries are known with diagram C2. A f .  A , _ : .  L and classical 
plane-residues. In this section we prove that they cannot exist, except possibly for some 
small values of q. 
From now on F will be such a geometry. 
Remark 3.1. Since the point-residues are truncated affine spaces of dimension at 
least 3, we have q = ph, p prime. Moreover, as the lower plane-residues are classical, 
we also have q - 1 = r k, with r a prime number greater than 1. Then ph = r k + 1, 
namely: 
q = ph _ - -  2 k + 1 if q is odd 
q=2 h=r  k+l  i fq i seven .  
Remark 3.2. Let a be a point of F. By the classification of the groups acting flag- 
transitively on affine spaces of dimension > 2 (see for example [10, Theorem 9.10]) 
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and by the previous remark, we obtain that the following are the only possibilities 
for Go: 
(i) Go is a classical affine group; 
(ii) 83: Frob(9.73)~<G~ ~<83: (7: Frob(9.73)), q = 8. 
Remark 3.3. Let F be a flag of F of type (2,3 . . . . .  n}. By a theorem of Seitz [14] 
(see [6, Theorem 6.7.1], see also [7, Section 4]) the flag-transitivity and the previous 
remark imply: 
(1) GF contains a classical group naturally associated with FF; 
(2) FF = W3(2), GF = A6, q = 3; 
(3) FF = W3(3), GF = 24.A5 or 24.$5 or 24.Frob(20), q = 4; 
(4) FF = Q4(3), G--F = 24.A5 or 24.$5 or 24.Frob(20), q = 4; 
(5) FF = H3(32), GF = L3(4) .2 or L3(4).22, q = 4; 
where W3(q), Q4(q), H3(q) denote, respectively, the symplectic variety in PG(3,q), 
the quadric in PG(4,q) and the hermitian variety in PG(3,q). 
Theorem 5. Let F be a flag-transitive geometry belonging to the diagram C2. Af .  
A,_2.L 
0 1 A f  2 3 n -1  L n 
s q - 1 q q q qm-n+l  + . . .  + q 
with n >i 3 and finite classical generalized quadrangles as residues of flags of type 
{2,3 .... ,n}. Then q = 3 or 4. 
Proof. Let q be odd. Then q = ph = 2k+ 1 by Remark 3.1. Given a flag (a ,F )  with a 
a point and F a flag of type {2, 3 . . . . .  n}, the Remark 3.2 implies that Ga is a classical 
affine group. 
Then ASLI(2k + 1)<<.-GauF<~AFL1(2k+ 1). 
On the other hand GF is either classical or A6, but in both of these cases we have 
PGL2(2 k ) <~-Ga u F <~ PFL2 (2 k). 
Thus IPGLa(2k)I divides [AFLI(2k + 1)[, i.e. 2k(2 k - 1)(2k + I) divides (2k+ 1)2kh, 
that is ph _ 2 divides h. It follows that h = 1, p = 3, namely q = 3. 
Let q be even and q > 4. Then q = 2 h = r k -k 1 by Remark 3.1. With the same 
notation of the previous case, we have that either Ga is classical or 83: Frob(9.73)~< 
Go<~83' (7: Frob(9.73)), by Remark 3.2. 
In both of these cases we obtain ASL~(2h)<~GauF <~AFLI(2h). 
Remark 3.3 also implies that GF is classical (since q ~ 4), thus PGL2(2 h - 1)~< 
GaUF <~PFL2(2 h - 1). 
It follows that 2h(2 h - 1 )(2 h - 2) divides 2h(2 h -- 1 )h, i.e. 2 h - 2 divides h. This is 
impossible, because q = 2 h > 4. [] 
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The cases q = 3 or 4 survive in Theorem 5. When q = 3, the group G~ is classical 
and GF is either ,46 (with FF = W3(2)) or a classical group (see Remark 3.3). 
When q = 4 (hence s -- 3, 9) the following proposition rules out most of the non- 
classical actions for FF. 
Proposition 6. Let q = 4. If the action GF on the residue FF of a flag F of type 
{2,3 . . . . .  n} is non-classical, then FF = W3(3) and GF -- 24.A5 or 24.$5. 
Proof. Let a be a point incident with F. The action Ga is classical, by Remark 3.2. 
Then GauF contains at least ASLI(4) ~ 22.Z3 = A4 which is 2-transitive on FauF. 
Again Remark 3.3 allows cases (3)-(5). 
Case (4) is impossible. In fact if FF = Q4(3)  and GF ---- 24. ,45 or 24 . $5 or 24 . Frob(20) 
then G~UF ~- Ds, which is not 2-transitive on FauF. 
Case (5) is impossible, too. Indeed L3(4) acts as Z4 on FaUF, whence L3(4).2 and 
L3(4). 22 cannot act 2-transitively on FaUF. 
Let (3) hold. Then Gp cannot be 24. Frob(20) since in that case GauP --Z4, which 
is not 2-transitive. The statement follows. [] 
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